We demonstrate that it is possible, with sub-micron precision, to locate the absolute center of a Fabry-Pérot resonator oriented along the rf-field-free axis of a linear Paul trap through the application of two simultaneously resonating optical fields. In particular, we apply a probe field, which is near-resonant with an electronic transition of trapped ions, simultaneously with an offresonant strong field acting as a periodic AC Stark-shifting potential. Through the resulting spatially modulated fluorescence signal we can find the cavity center of an 11.7 mm-long symmetric FabryPérot cavity with a precision of ±135 nm, which is smaller than the periodicity of the individual standing wave fields. This can e.g. be used to position the minimum of the axial trap potential with respect to the center of the cavity at any location along the cavity mode.
I. INTRODUCTION
For more than half a century, it has been possible to confine charged particles by radiofrequency (rf) quadrupole fields [1] . Such rf (or Paul) traps rely on the strong direct interaction of the charge of the particles with the electrical field, whereby trap depths of up to hundreds of eV (i.e., trapping temperatures of the order of a million Kelvin) can easily be achieved for atomic ions. This makes it generally easy to trap ions by e.g. introducing a buffer gas at room temperature to provide a friction force which damps the ion motion. Conversely, trapping of neutral atomic species by electric fields has to rely on the interaction of an induced electric dipole moment with the field itself. Although such interactions can be enhanced significantly by choosing electric fields oscillating close to an electronic transition frequency of the atom, the depth of such traps typically do not exceed 100 mK [2] . Hence, in order to achieve trapping, laser cooling has to be implemented. In the past decades, cooling and trapping of neutral atoms in various dipoleinduced lattice trap configurations has led to the studies of a wealth of physics phenomena, by mimicking for instance idealized solid-state physics scenarios, such as e.g. Bloch-oscillations [3] and the superfluid-MOT insulating transition [4] .
Laser cooling of atomic ions [5] in Paul [6] and Penning [7] traps has as well facilitated the studies of a large variety of physics phenomena ranging from pure plasma physics [8] , non-linear physics [9] [10] [11] [12] to quantum physics [6] , including quantum information processing [13] , and has even opened a whole new field of cold molecular ion-based research [14] . However, electric fieldinduced dipolar forces have only recently been applied to trap, or alter the trapping conditions of, atomic ions [15] [16] [17] [18] . The interest here has been partly to demonstrate * drewsen@phys.au.dk trapping of a single ion with localized fields in order to e.g. enable coherent interactions between atoms and ions without perturbation induced by trapping fields [19] , partly to superpose a steep periodic potential to a shallow rf trap potential with the aim of studying structural [20] [21] [22] and dynamical phase transitions (e.g. CoulombFrenkel-Kontorova model [23] [24] [25] [26] ), as well as enhancing the coupling strength between ions and cavity photons with quantum memory [27, 28] and photon counter [29] applications in mind. With respect to the latter applications, standing wave fields generated in a Fabry-Pérot cavity are of special interest, since they provide a means to achieve a well-controlled spatial phase between a localizing field mode and an interrogation field mode at the position of the ions [17] . Fine probing of the longitudinal cavity field spatial structure has been performed with single ions [30, 31] ; however, the application of a single standing-wave field does not allow for the absolute positioning discussed here. Due to the boundary conditions for the fields in a Fabry-Pérot cavity, all modes of the same parity (even or odd) have overlapping nodes and antinodes at the center (waist) of the cavity, i.e. an in-phase relation is imposed at the center, regardless of the frequency of the modes [32] . Similarly, an out-ofphase relation can here be obtained by combining field modes with even and odd number of nodal planes. With an exact knowledge of the center position of an applied optical cavity one can hence deterministically switch between having the trapped ions at a node or anti-node of the potential, as has e.g. been exploited in some of the experiments reported in [17] . For large ensembles of ions, it could also be interesting to be perform this with respect to a corrugated super-lattice created through the interference of two cavity modes.
In this paper, we demonstrate a simple method to determine the center of a near-confocal symmetric optical Fabry-Pérot cavity having its rotational symmetry axis aligned with the rf nodal line of a linear rf trap [33] , by utilizing an ion Coulomb crystal as an imaging medium.
In the following section (Sec. II), we first consider the idealized case of a two-level atom interacting with two cavity modes, a probe field oscillating at a frequency close to the two-level system resonance frequency, and an off-resonant lattice field providing a periodic AC Stark potential. In Sec. III, we describe the essential parts of the experimental setup used in our investigations with Ca + ions. This section is followed by a description of the experimental procedure and obtained results (Sec. IV). In Sec. V, we discuss some future prospects of this method for multicavity mode operation with cold ions and atoms, before concluding in Sec. VI.
II. SIMPLE TWO-LEVEL DESCRIPTION
A full description of the applied method for centering the trapping potential with respect to the center of a standing wave light field of a Fabry-Pérot cavity would have to be based on an ensemble of multi-state systems with the effects of the applied magnetic and electrical fields on the individual states included. However, in order to provide a clear physical picture, in this section, we provide only a description for an ensembles of two-level atoms.
More specifically, we consider two-level atoms with a ground state g and an excited state e positioned inside a near-confocal, symmetric optical Fabry-Pérot cavity (see Fig. 1a ). The atoms are trapped by an external mechanism which keeps them confined within the cavity modevolume. A so-called lattice field, which is far-detuned from the atomic resonance, but on resonance with a longitudinal mode of the cavity, is applied. By keeping one of the cavity modes resonant with the g-e transition this leads to a lattice detuning of a whole number of cavity free-spectral-ranges, ω F SR from the two-level resonance. The effect of the lattice field is to induce a spatially modulated AC Stark shift of the atomic transition given by:
where ∆ S is the maximum Stark shift, k l = (n l π)/L the lattice field wavenumber and n l the longitudinal mode number of the lattice field. The effect of this lattice field is monitored by a nearresonant intercavity probe field detuned ∆ p with respect to the bare two-level transition frequency. The spatially dependent photon scattering rate of this probe field is given by:
where s(z) is the saturation parameter, defined as:
with Γ being the decay rate of the excited state, s 0 = I 0 /I sat the maximum on-resonance saturation parameter for the probe field, k p = (n p π)/L the probe field wavenumber expressed in terms of n l , the longitudinal mode number of the lattice field, and the spatially varying effective detuning is given by
The effect of the Stark shifting lattice field on the probe photon scattering rate (eq. 2) is a beating signal arising from the wavenumber difference of the probe and lattice fields. This is illustrated in Fig. 1b-c where the parameters have been chosen to illustrate the effect (n p = 20 and n l = 22, 23). In the experiment the values of n p and n l are around 8.49 × 10 4 . In most practical realizations the imaging system is not able to resolve the fine-structured pattern, as the individual lattice sites are typically separated by only a few hundreds of nm. The beating signal, on the other hand, occurs on a much larger length scale (proportional to the inverse of the probe-lattice wavevector difference) and can be resolved using standard imaging techniques, as will be shown below. At the center of the cavity (z = 0) the beat pattern has an extremum because of the boundary conditions imposed by the mirrors. If the lattice detuning is an even number of freespectral-ranges (FSRs) the scattering rate is minimised, as the probe and lattice fields overlap so that the transition is shifted away from the probe frequency wherever the probe field is strong. A lattice detuning by an odd number of FSRs produces a maximum of the scattering rate, as the probe field is strongest where the transition is unshifted. This is also illustrated in Fig. 1b-c . As mentioned earlier, the two-level description cannot be expected to give a precise account of measured scattering rates. However, around the center of the Fabry-Perot cavity, the scattering rate will always vary periodically with a spatial period set by the inverse of the probelattice wavevector difference, λ beat ∝ 1/(k l − k p ), with a maximum (minimum) for n p − n l being odd (even). The length scale of λ beat for our experimental parameters is hundreds of µm.
III. THE EXPERIMENTAL SETUP
The setup used in the experiments has been described in detail in [35] and is depicted schematically in Fig. 2 . It consists of a symmetrically-driven four-rod linear Paul trap operating at a 4 MHz drive frequency. The trap incorporates a pair of mirrors forming a near-confocal Fabry-Pérot resonator whose optical axis is aligned with the nodal line of the trap electric fields [33] . The cavity has a length of 11.7 mm, corresponding to a freespectral-range ω FSR = 2π × 12.7 GHz. It has a finesse of ∼ 3000, and a zeroth-order mode waist radius of 37 µm for light at 866 nm. The trap is loaded with 40 Ca + ions, whose relevant energy levels and transitions are depicted in Fig. 2b ). The S 1/2 − P 1/2 transition at 397 nm is used for Doppler cooling and imaging, while the D 3/2 − P 1/2 transition at 866 nm is used either for repumping ions shelved in the metastable D 3/2 state during cooling or for interactions with the cavity light. In Fig. 2a ) the applied laser fields are also sketched. A bias magnetic field of 1 Gauss is applied in the y-direction. The 397 nm cooling light is applied along the axial (z) direction (contrapropagating beams with opposite circular polarizations) and the 866 nm repump light along the radial (x) direction with linear polarization along the z-direction. The ions can be imaged by collecting the 397 nm fluorescence onto an intensified CCD camera with line-of-sight along the ydirection (not shown). Two different 866 nm laser fields with circular polarization can be coupled into the cavity: the resonant probe field and the off-resonant lattice field. The cavity length is stabilized using an additional off-resonant laser (not shown), which is locked to an external reference cavity and which has negligible influence on both the internal and external states of the ions.
IV. FINDING THE CENTER OF THE OPTICAL CAVITY
In a recent study [17] it was shown that an ion could be pinned by the intracavity standing wave lattice field in the described cavity ion trap. One important issue in such experiments is to ensure that the overlap between the probe and the lattice fields is well-controlled at the ion position. This means that the ion has to be precisely located at the center of the cavity to obtain reproducible situations for all lattice detunings. To locate this center we trap a large ion Coulomb crystal of 40 Ca + ions and inject into the cavity both the resonant probe field (see Fig. 2 ) and the lattice field detuned by an odd or even integer number of FSRs away from the atomic resonance.
Due to the lattice field Stark shifts of the energy levels of the P 1/2 and D 3/2 states, the scattering rate of the probe field becomes spatially modulated, as discussed in Sec. II. In regions where the high (low) intensity of the lattice overlaps with the high intensity of the probe this shift is largest (smallest) and the probe scattering is suppressed (unchanged). As mentioned earlier, our imaging resolution (∼ µm) does not allow us to resolve standing waves at the single lattice site scale, but the resulting beating signal is observable on a larger scale.
In density ∼ 6 × 10 8 cm −3 ) is trapped and Doppler-cooled using the axial 397 nm cooling beams and the 866 nm radial repumper. The bias magnetic field applied in the y-direction ensures that the circularly polarized cavity fields address all four Zeeman sublevels of the D 3/2 state. The cavity length is chosen so that, in the absence of a lattice field, the probe field can be simultaneously resonant with the D 3/2 − P 1/2 transition and with a cavity mode.
When the cavity fields are applied, the 866 nm side repumper is blocked, so as to perform all repumping through the cavity only. The amplitude of the spatially varying saturation parameter for the probe is s max ≈ 4 (eq. 3) while that of the lattice is at least 1000 times smaller, in order to realize a situation where scattering essentially comes from the probe field and the lattice field only produces a spatially dependent Stark shift. We set the probe laser on resonance with ∆ p = 2π × (0 ± 2) MHz and the lattice Stark shift depends on the detuning of the lattice field and is in the range ∆ s = 2π × (3 − 9) MHz. The 397 nm laser is red-detuned by 40 MHz, so that the lattice Stark shift does not appreciably affect its scattering rate. The observed fluorescence modulation is therefore dominated by the variation in the repumping rate out of the D 3/2 state.
In Fig. 3 projection images of the crystal are shown for lattice detunings of +15FSR and +16FSR. The cavity fundamental mode is clearly visible as only the ions in the crystals contained within the cavity mode volume participate in the cooling cycle and sympathetically cool the ions outside the cavity mode volume. The top figures show images obtained when applying both the lattice and probe fields, while the middle figures show images with the probe field only. After background subtraction, making the ratio of the image with and without the lattice allows for correcting for inhomogeneities of the imaging system and thus isolates the fluorescence modulation pattern due to the lattice. A running average is applied across the beat pattern image setting the single pixel value equal to the mean of pixel values in a 10 × 10 square around it. In this way unevenness in the crystal structure from e.g. crystal shells will be blurred to ensure a smother beating signal along the axial direction. The central part of the crystal is then isolated and 37 pixels (33 µm) are summed in the vertical direction. The result is proportional to the fluorescence signal of ions with the same axial position along the cavity. In Fig. 4 the resulting modulated signals are shown for a lattice field detuned by 15 (blue), 16 (red), 27 (dashed blue) and 28 (dashed red) FSRs, respectively. As mentioned, the experimental system is more complicated than the simple two-level illustrative picture presented in Sec. II and the envelope of the beat pattern is not given by a simple analytical function that we could use as a model for fitting. Rather than fitting the full beat pattern to a numerical model, we fit the points around the center of the cavity with a parabolic function in order to establish the exact cavity center position which is all we care about for this purpose.
Beat patterns with only one or a few cycles within the length of the cavity give unambiguous position information, but do not offer much position resolution because of their coarse spatial structure. Beat patterns with many cycles, obtained using a far-detuned lattice, provide fine resolution but do not distinguish between positions separated by the beat period. By combining images taken for different lattice detunings, one can obtain more precise location information anywhere in the cavity without losing track of the overall position. For example, for the set of beat patterns shown in Fig. 4 , all maxima and minima line up, as they must, at the cavity center. Since e.g. 15 and 28 are coprime, there is only one such location over the entire length of the cavity.
As expected, when the lattice field is detuned by an even number of FSRs from the probe field, the fluorescence is suppressed at the cavity center. For a detuning by an odd number of FSRs the suppression occurs half a period away from the cavity center.
The purely parabolic fits are performed including ±100 pixels around the approximate cavity center position. From these we confirm that the cavity center is at an axial position of 320.70 ± 0.15 pixels. The center position for the individual measurements agree with the mean value within +1.5 and −2.5 pixels and their errorbars are within range of the mean. Converting the fit results into a physical length gives an uncertainty in the absolute positioning of the cavity center of only ±135 nm, smaller than both the beating periods (here 400-700 µm) and the periodicity of the two standing waves (433 nm). As mentioned above, an even better precision could be obtained in principle by using more sets of detunings.
V. FUTURE PROSPECTS
As briefly mentioned in the introduction, the positioning of single or ensembles of ions with respect to the center of a Fabry-Pérot cavity may have several applications for ion-based cavity QED. First, it adds to the tools for trapping ions in localized optical fields [15, 16] for coherent atom-ion studies [36] [37] [38] [39] . Second, superposing a steep and short-scale periodic optical potential to a shallow rf trap allows studies of structural [20] [21] [22] and dynamical phase transitions (e.g. Coulomb-Frenkel-Kontorova model [23] [24] [25] [26] 40] ). As demonstrated in [17] , localizing an ion in a standing wave cavity field also allows for a better control of the ion-cavity coupling strength, which can be of interest for quantum information processing applications, such as single-photon generation [41, 42] , quantum memory [27, 28] , photon counters [29] , single ion-photon interfaces [43, 44] , or for cavity-mediated cooling [45] .
In addition to ionic systems in cavities, this positioning technique should also be applicable to e.g. cold neutral atomic species, trapped in magnetic or optical dipole traps. One can envision its application in single atom quantum dynamics studies [46] [47] [48] which would benefit from accurate positioning. This include feedback [51] , cavity [49, 50] or ground-state cooling [52] . It also naturally applies to cavity QED studies with ensembles, e.g. to investigations of the quantum dynamics of cold atoms in cavity-generated optical potentials [53] , to applications involving the simultaneous interaction with multiple standing wave fields [28, 54] , or to cold atom cavity optomechanics studies [55] .
VI. CONCLUSION
To conclude, we have demonstrated a simple method to accurately find the absolute center of a Fabry-Pérot resonator using the spatially modulated fluorescence of trapped ions probed by two simultaneously resonating cavity fields. This method has potential applications to a wide range of cavity QED investigations with cold ions or atoms.
This work was supported by the European Commission (STREP PICC and ITN CCQED) and the Carlsberg Foundation.
